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Relativity 1

12.1 Proper time and proper length

The proper time ø of a body is the time measured by a clock moving with a
body. In general, for an accelerating system,

dt
dø

= ∞, (12.1)

where
∞= 1

q
1+ v2

c2

. (12.2)

In systems of constant velocity, one can integrate equation (12.1) to obtain

¢t = ∞¢ø, (12.3)

where¢t is the observed time in the S (unprimed) frame and¢ø is the proper
time in the S0 (primed) frame.

The proper length `? is a bit more difficult to define. Let’s assume there exists
a device (not a ruler!) which measures the x positions of the two ends of the
body at the same time. The proper length is the absolute value of the differ-
ence in position, i.e., the length of the body in its rest frame. The length of a
moving body in the direction of motion is

`= `?
∞

, (12.4)
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60 12. RELATIVITY 1

thus moving bodies are shorter in the direction of motion only. There is no
contraction perpendicular to the motion.

Special relativistic time dilation depends on the acceleration
of the moving clock, even if we are accelerating.

a) True b) False

A length-contracted object isn’t really shorter, it just looks shorter.

a) True b) False

I am in a spaceship. I can measure my velocity without looking outside.

a) True b) False

12.2 Muon problem

Every second, thousands of cosmic rays (hydrogen and helium nuclei) strike
the upper atmosphere of Earth. These interactions create kaons, pions, positrons,
electrons, neutrons, neutrinos, photons and muons.
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!
"The muon is hurtling towards the 

Earth. The human measures the 
muon’s mean lifetime to be ~100 µs. 
The human measures the distance 
travelled by the muon to be ~50 km.

50 km

The muon’s direction of travel, 
as observed by the human.

Figure 12.1: The human’s reference frame is shown. The human has a clock
which measures the mean lifetime of the muon to be ª 100µs. The human
measures the distance from the upper atmosphere to the Earth’s surface to
be 50 km. The muon travels towards the Earth (post-global warming).

Muons are easy to create on Earth, with a half-life of the order of microsec-
onds, before they decay into positrons, electron neutrinos and anti-muon
neutrinos. The mean lifetime of a muon is tmean = 2.2µs1. What does this
timescale mean? Light travels around the Earth around seven times every sec-
ond, so in 2.2µs, light travels around 660 m—a muon travelling at close to the
speed of light would only make it ª 1 km below the Earth’s upper atmosphere
before they mostly decayed. However, the distance between the Earth’s sur-
face and upper atmosphere is of the order of 10 km, and we observe lots of
muons on Earth!

Time dilation means that, for muons travelling at 99.5% c, the mean lifetime of
the muon tmean = 2.2µs looks more like 22µs to us (with ∞º 10)—the muons
travel around 6 km before decaying. Higher energy muons travel at around
99.995% c, so this would look more like 220µs to us (with∞º 100)—the muons
travel around 60 km before decaying! The problem appears to be solved—the
muons are hurtling towards the Earth, and we observe their mean lifetime to
be dilated due to their high speed. Figure (12.1) shows the schematic of this
refrence frame.

1The mean lifetime tmean is related to the half-life of a muon by t1/2 = tmean ln2.
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!
The Earth is hurtling towards the 
muon. The muon measures the its 
mean lifetime to be ~2.2 µs. The 
muon measures the distance 
travelled by the Earth to be ~0.5 km.

0.5 km

The Earth’s direction of travel, 
as observed by the muon.

Figure 12.2: The muon’s reference frame is shown. The muon has a clock
which measures its mean lifetime of the muon to be ª 2.2µs. The muon
measures the distance from itself to the Earth to be 0.5 km. The Earth trav-
els towards the muon.

But how do we explain the fact that the muons still only observe their mean
lifetime to be 2.2µs? Remember: a tiny clock on the muon still only observes
its proper time to be 2.2µs. It turns out that whenever you have time dilation
in one reference frame, you must also have length contraction in the other
reference frame—the two effects are not independent.

For the muon, it is the Earth (and its atmosphere) that is hurtling towards it at
99.995% c. The muon is stationary in its reference frame. The muon’s proper
mean lifetime is still 2.2µs. However, the Earth is not travelling a (proper)
length of `? = 50 km towards the muon. It travels a contracted length (in the
frame of the muon)

`= `?
∞

= 50 km
100

= 0.5 km. (12.5)

Thus, by considering both time dilation (the muon’s lifetime is dilated accord-
ing to the Earth) and length contraction (the Earth travels a contracted dis-
tance to reach the muon), the muon problem is solved with no contradictions.
Figure (12.2) shows the schematic of the length contracted refrence frame.


